We show that the symmetric product of a flat affine scheme over a commutative ring can be embedded into the quotient by the general linear group of the scheme of commuting matrices. We also prove that the symmetric product of the affine space is isomorphic to the above quotient when the base ring is a characteristic zero field. Over an infinite field of arbitrary characteristic the quotient of the reduced scheme associated to the scheme of commuting matrices will be showed to be again isomorphic to the symmetric product of the affine space showing that the invariant part of the radical of the commuting scheme is zero over a characteristic zero field. We show also that the symmetric product of an affine flat scheme can be embedded into the quotient by the general linear group of the tuples of matrices exhibiting a surjective morphism from the invariant of matrices to the multisymmetric functions that hold for any a base ring.
Introduction
This paper has grown up from the notes of the talk I gave at the AMS-Clay Summer Research Institute in Algebraic Geometry in Seattle in July 2005: I would like to thank the organizers for their invitation. This is part I of two papers: the second one will develop some consequences of the results here in terms of Hilbert Schemes of points.
Let K be a commutative ring and S a commutative K−algebra. We denote by Mat(S, n) the full ring of the n × n matrices with coefficients in S. For A any K-algebra by a n-dimensional linear representation over S one means an element ρ ∈ Hom K−alg (A, Mat(S, n)) .
For any K-algebra R there is a unique commutative K-algebra A R and a universal representation π R : R → Mat(A R , n) inducing an isomorphism Hom K−alg (R, Mat(S, n)) ∼ = Hom K−alg (A R , S).
Let us consider the affine scheme Spec(A R ): the general linear group Gl n = GL n (K) acts on it via basis change and the categorical quotient Spec(A R )//Gl n := Spec(A Gln R ) is the coarse moduli space classifying the ndimensional representations of R up to equivalence.
Given any representation ρ ∈ Hom K−alg (R, Mat(S, n)) we can compose it with the determinant obtaining what is called a multiplicative polynomial law homogeneous of degree n. By results of Roby [12, 13] this gives an element ρ ′ ∈ Hom K−alg (Γ n K R, S) where Γ n denotes the divided powers functor. This gives a natural transformation Hom K−alg (R, Mat(−, n)) → Hom K−alg (Γ n K R, −).
Since the determinant is constant on GL n orbits we have then a morphism A Sn and then the previous morphism gives another Spec((T S n R) ab ) → Spec(A R )//G. In [6, 14] we studied this construction in the case when R = F = K{x 1 , . . . , x m } the free associative K-algebra.
The aim of this paper is to study these schemes and their relationships in the special case when R is commutative with a special focus on the free polynomial ring.
Let now F = K{x 1 , . . . , x m } be as before and P = K[y 1 , . . . , y m ] be the free polynomial ring. Let R be a flat commutative K-algebra generated by m elements and let X (n) = X n /S n := Spec(T S n R) denote the n-th symmetric product of X = Spec(R). We exhibit two embeddings X n /S n ֒→ M m n //GL n and X n /S n ֒→ Z m n //GL n that are compatible with χ i.e. two surjective homomorphisms A Gln F ։ T S n R and A
Gln P
։ T S n R. In the case when R = P the surjection A Gln F ։ T S n P gives a full generalization to any base ring of the classical result in characteristic zero that says that the vector invariants of the symmetric group can be obtained by restricting the invariants of GL n to diagonal matrices and has as a corollary the main part of Theorem 1 of [16] .
When K is a characteristic zero field we show that T S
n //GL n where A m denotes the m dimensional affine K-space. This gives Theorem 3.3 of [4] as a corollary.
When K is an infinite field of arbitrary characteristic we prove that (A m ) (n) ∼ = Z m n, red //GL n , where Z m n, red is the reduced scheme associated to Z m n . Remark 1.1. All the constructions and the results of this paper hold also for not finitely generated K-algebras as can be easily checked. We describe the finitely generated case for sake of simplicity. Acknowledgments First of all I would like to thank C.Procesi for very useful discussions and hints. A special thank to M.Brion which introduced me to symmetric and multisymmetric gadgets. This paper was mainly written while I was visiting the IMSAS at University of Kent at Canterbury in November 2005: I would like to thank P.Fleischmann for his invitation and the Institute members for their kind hospitality. Some improvements has been made after very interesting discussions with D.Laksov while I was visiting KTH -Stockholm.
I would like to warmly thank my wife Federica for her patience and constant support.
Generic matrices and determinants
Let us introduce some of the bricks of our construction
2.1
This subsection is borrowed from Procesi, see [3] for a recent paper and [9, 10] for the original sources.
Let K be a commutative ring and n, m ≥ 2 two integers. We denote by Mat(K, n) the full ring of n × n matrices with entries in K. Let A := K[ξ ij,h ] be a polynomial ring where i, j = 1, . . . , n and h = 1, . . . , m, notice that A is isomorphic to the symmetric K-algebra of the dual of Mat(K, n) m . Let F := K{x 1 , . . . , x m } be the free associative K-algebra on m generators then
for any commutative K-algebra S. More precisely set B := Mat(A, n) and let ξ h ∈ B be given by (ξ h ) ij = ξ ij,h , ∀ i, j, h, these are called the (n × n) generic matrices (over K) and were introduced by Procesi (see [8] ). Consider the homomorphism
We have then that given any ρ ∈ Hom K−alg (F, Mat(S, n))), with S a commutative K-algebra, there is a uniqueρ ∈ Hom K−alg (A, S) that is
such that the following diagram commute
where (−) n denotes the induced map on n × n matrices. The homomorphism π is called the universal n dimensional representation (for the free algebra).
We denote by G the subring of B generated by the generic matrices i.e. the image of π.
We now substitute F with a K-algebra R generated by m elements and let 0 −→ J −→ F −→ R −→ 0 be a presentation by generators and relations. Let I be the unique ideal in A such that
then as one can easily check that, for all commutative S-algebra
via the lifting to a representation of F . Set now A R := A/I and B R := Mat(A R ; n). Let {r 1 , . . . , r m } be a set of generators of R, in the same way as above we have a universal representation
where ξ ′ h is the image of ξ h via the surjection B −→ B R induced by A −→ A R . We denote by G R the subring of B R generated by the ξ ′ h .
2.2
We are now interested in the special case when R is commutative. Proposition 2.1. If R is any commutative K-algebra then the universal representation gives an isomorphism R ∼ = G R Proof. Let I n be the n × n identity matrix then the representation R −→ Mat(R, n) such that r → r I n is an embedding and the result follows by the universality of π R .
Let R = F/J be again not necessarily commutative (including J = 0 i.e. R = F ). We consider the sub-ring C R of A R generated by the coefficients of the characteristic polynomial of elements of
We set C := C F . As one can easily check the presentation
. . , n . Let now P = K[y 1 , . . . , y m ] be the polynomial K-algebra on m generators in this case we call the ξ ′ h the commuting generic matrices. Introduce the K-algebra D = K[ξ ii,h ] with i = 1, . . . , n and h = 1, . . . , m. Let Mat(D; n) be the full ring of n × n matrices over D. Define the diagonal generic matrices by
with h = 1, . . . , m. Let E be the K-algebra generated by the diagonal generic matrices it is clear that σ : y h → δ h gives an isomorphism σ : P ∼ = E and an injective linear representation P −→ Mat(D; n) that factors through the universal one giving a surjective homomorphismσ :
, where δ ij is the Kronecker's delta. Denote by ∆ : A −→ D the surjective homomorphism given by ξ ij,h → δ ij ξ ii,h , ∀i, j, h . Let now C be the subring of D generated by the coefficients of the characteristic polynomials of elements of E. As can be easily check one has that the following diagram commutes and all the arrows are onto
where the horizontal arrow is induced by
Notice that given f ∈ F in the above diagram one has
The symmetric group S n acts as a group of K-algebra automorphisms on D by permuting the ξ ii,h . Denote by D Sn the sub-K-algebra of the invariants for this action: is the so called ring of multisymmetric functions or the vector invariants of the symmetric group, see [16, 17] .
We can now state the first result of this section Theorem 2.2. Let K be a commutative ring then C = D Sn .
Proof. Let f ∈ P and t an independent variable, since
we have that C ⊂ D Sn . We now prove that there is a K-algebra T S n F and a morphism α : T S n F −→ C and a surjective morphism β : T S n F −→ D Sn such that the following diagram commutes
where∆ : (9)), then the equality C = D Sn follows. We need to introduce some more machinery: let R be K-algebra. The symmetric group acts on R ⊗n as a group of K-algebra automorphisms. Following Bourbaki denote by T S n (−) the n-th symmetric tensor functor: it associate to a K-module M the sub-K-module of M ⊗n made of the invariants for the above action of S n . It is clear that x 1 ⊗ x 2 ⊗ · · · ⊗ x n , where
The functor T S n is right exact on flat K-modules. (see [2] es.2 f) A.IV.92 and es.8 a) A.IV.94).
Let T S n P := (P ⊗n ) Sn be the symmetric tensors of order n on P and T S n F the one on F . Since F, P are free we have that the natural surjective homomorphism F −→ P given by x h → y h induces another surjection
We have also an isomorphism
given by the restriction of the S n -equivariant isomorphism τ ′ : P
Let M, N be two unital K-algebras and let f : M −→ N be a multiplicative homogeneous polynomial mapping of degree n with M free as K-module, then there exists a unique K-algebra homomorphism ϕ : T S n M −→ N such that f (x) = ϕ(x ⊗n ), for all x ∈ M. (see [2] Prop.13 A.IV.54 and N.Roby [13] ). We can now introduce the third map involved that is the one corresponding to the multiplicative polynomial mapping homogeneous of degree n where det denote the usual determinant
Now observe that given f (x 1 , . . . , x m ) ∈ F and a commuting independent variable t we have
hence τ · ρ =∆ · α so∆ is onto and C = D Sn .
Remark 2.1. Theorem 2.2 can be proved as a corollary of Theorem 1 [16] but the proof given there by the author is different and independent from the one exhibited here.
Corollary 2.3. For any commutative ring K the K-algebra of multisymmetric function D Sn is generated by the coefficients e i (f (δ 1 , . . . , δ m )) of the characteristic polynomials as f varies in P .
Proof. By the definition of C and Theorem2.2.
Remark 2.2. This gives another way of finding a generating set of D
Sn with respect to the one given by the author in [16] . Now we are in the position to state and prove the second result of this section.
Theorem 2.4. The restrictionσ : C P −→ C is a K-algebra isomorphism.
Proof. We will exhibit an inverse σ : C −→ C P . Observe that the composition
is a multiplicative polynomial mapping homogeneous of degree n. Being P free there is a unique K-algebra homomorphism σ
by the very proof of Thm.2.2 and (9) we have that
then σ ·σ = id C P andσ · σ = id C where id is the identity homomorphism and we are done.
Corollary 2.5. The K-algebra D Sn ∼ = T S n P of multisymmetric functions is isomorphic to the K-algebra C P generated by the coefficients e i (f (ξ Proof. By the above Theorem and the previous Corollary.
Remark 2.3. From the previous corollary and proposition 2.1 it follows that C P ⊗ P ֒→ Mat(A P , n) and we show in [15] that C P ⊗ P is the free object in the category of Cayley-Hamilton commutative K-algebras of degree n that implies theorem 3.2 [4] as a special case.
Invariants

3.1
The general linear group G := GL n (K) made of the invertible matrices of Mat(K, n) acts on Mat(K, n) m by simultaneous conjugation, i.e. via base change on K n . Recall that the categorical quotient M m n //G is defined as
where as usual A G denotes the ring of the invariants, M m n = Spec(A G ) and the action of G on A is induced by the one on Mat (K, n) m . This scheme has be widely studied and we refer the reader to [1, 5, 10, 11] for masterpieces on this subject.
Being the determinant invariant under base change we have that the ring C is made of invariants i.e C ⊂ A G . When K is a characteristic zero field was showed firstly by C.Procesi [11] and separately Sibirsky that C = A G . This has been generalized to the positive characteristic case by S.Donkin proving a Procesi's conjecture, see [5, 11] .
A further relevant property of M m n //G holds when K is an algebraically closed field, namely: since in the closure of every orbit there is a unique closed orbit corresponding to a semisimple representation via Jordan-Hölder theorem we have that the geometric points of M m //G parameterize (up to equivalence) the semisimple n-dimensional representations of the the free algebra F , see [1, 10] .
3.2
Let D m n denote the sub-K-module of Mat(K, n) m of all m-tuples of diagonal matrices: it is stable under the action of GL n by simultaneous conjugation restricted to the symmetric group S n ⊂ GL n . By a classical results of H.Weyl [17] we know that the GL n -invariants for the above action on Mat(K, n) m give all the S n -invariants when restricted to D m n when K is a characteristic zero field: this can be generalized to any base ring K, indeed we have the following result. The symmetric group S n acts on (K m ) n permuting factors. The above statement on invariants can be also stated in a controvariant way saying that S n -equivariant embedding (K m )
where
into the categorical quotient of m-tuples of n × n matrices modulo the above action. Being a ring theoretic result we can obviously describe it in terms of affine schemes. Let R be a commutative K-algebra and let X := Spec(R). We set as usual X (n) = Spec(T S n R) for the n-th symmetric product of X. When R = P then X = A m the affine space and the geometric points of (A m ) (n) are unordered n-tuples of points of A m . The main result of this subsection is the following, that actually is a corollary, but we present it as a theorem to underline its relevance.
Theorem 3.2. The Embedding Let R be a commutative K-algebra generated by m elements and flat as K-module. Let X = Spec(R) then there is a closed schemes embedding
Proof. R flat implies it is an inverse limit of free K-modules, then by Roby [12] IV, 5. Proposition IV. 5, and Bourbaki [2] Exercise 8(a), AIV. p.89, we have that T S n P −→ T S n R is onto and the result follows from the previous subsection.
Corollary 3.3. Let R be a commutative K-algebra and let Γ n R denotes its divided powers algebra of order n, then
Proof. The functor Γ n is right exact, see [2] AIV.
Remark 3.1. In a subsequent paper we will show that X (n) is universally homeomorphic to a closed subscheme of (A m ) (n) ֒→ M m //G for any commutative K-algebra R using some result due to D.Rhyd.
The Commuting scheme
Let again P := K[y 1 , . . . , y m ] be a polynomial ring. The ideal I (see (4) ) such that A P = A/I can be also described in the following way: consider the entries of the commutator matrices ξ h ξ k − ξ k ξ h for all h, k with h = k, these are some quadratic elements of A and they generate exactly I.
The scheme Z m n := Spec(A/I) is called the commuting scheme : is not known if it is reduced even when m = 2 and K = C.
The commuting scheme is stable for the action of simultaneous conjugation by G and we can form the quotient Z Sn . The next observation to be made is that the K-algebra C P ⊂ A G P by (9) . Now, by Theorem 2.4 we know C P ∼ = D Sn we have then a closed embedding.
Corollary 3.4. Let X = Spec(R) be a flat affine scheme with R = K[y 1 , . . . , y m ]/I , then one has a closed embedding X (n) ֒→ Z m //G that factors through ι.
Proof. Since R is flat then T S n (−) is right exact and the result follows directly from Thm.3.2 and (15).
Characteristic Zero Fields
Along this subsection K is a characteristic zero field. Theorem 3.5. The embedding ι is an isomorphism
Proof. In the characteristic zero case we have that 
Reduced subscheme
Let now K be again an arbitrary commutative ring. Set N P for the nilradical of A P and Z m n, red := Spec(A P /N P ) for the reduced scheme associates to Z m n . Since the nilradical of A P it is G-stable then the action of G on the commuting scheme can be restricted to the reduced one. It is enough to prove it when K is an algebraically closed field. It is a basic fact that given a m-tuple (Z 1 , . . . , Z m ) of pairwise commuting matrices there is g ∈ G such that gZ 1 g −1 , . . . , gZ m g −1 are in all in upper triangular form. There is then a 1-parameter subgroup λ(t) ⊂ GL n such that lim t→0 λ(t) gZ i g −1 λ(t) −1 is diagonal for all i = 1, . . . , m. We have then that in the closure of the orbit of (Z 1 , . . . , Z m ) there is the (closed) orbit of the m-tuple of diagonal matrices given by the previous limit, hence given a regular function f ∈ (A P /N P )
G that is zero on tuples of diagonal matrices we have that f = 0 and we are done by Theorem 2.4. where X = Spec(P/I) embeds into Z m n, red //G via T S n P −→ T S n (P/I).
Proof. It follows directly from Theorem 3.7.
Corollary 3.9.
• Let K be a characteristic zero field, then
• N G P is the zero ideal Proof. The first statement follows directly from Theorems 3.7, 3.5 observing that the proof of Theorem 3.7 does not depend on the characteristic. The second follows from the exactness of
Remark 3.4. The above corollary implies Theorem 3.3 [4] due to M.Domokos, but there K = C and was also proved for K = C and m = 2 by Gan and Ginzburg [7] .
